THE 54-ACTION ON THE TETRAHEDRON ALGEBRA 

ALBERTO ELDUQUE* 

Abstract. The action of the symmetric group S4 on the Tetrahedron 
\^ I algebra, introduced by Hartwig and Terwilliger HTOj, is studied. This 

f^ ■ action gives a grading of the algebra which is related to its decomposi- 

fy^ ' tion in |HT05| into a direct sum of three subalgebras isomorphic to the 

Cn , Onsager algebra. The ideals of both the Tetrahedron algebra and the 

O ■ Onsager algebra are determined. 

00. 

^— I ! 

I— !■ Introduction 

Q> I The Tetrahedron algebra 3^ has been defined in |HT05[ Definition 1.1], 

• ' in connection with the so called Onsager algebra introduced in |Ons44j . in 

'^ ! which the free energy of the two dimensional Ising model was computed. 

^ ' Since then it has been investigated by physicists and mathematicians in 

ti . connection with solvable lattice models, representation theory, Kac-Moody 

I Lie algebras, tridiagonal pairs and partially orthogonal polynomials (see 

CS| ' |HT05j and the references there in). 

^ . One of the main results (Theorem 11.5) in HT05 shows that 3^ is iso- 

, I morphic to the three point 5I2 loop algebra 5^2 'S>A, where A is the algebra 

^ ■ k[t,t^^,{l — t)~^] {a subalgebra of the field of rational functions on the 

'nI" I indeterminate t). 

Se ' The Tetrahedron algebra is endowed with an action of the symmetric 

(^ . group 5*4 by automorphisms, and the result above is used in |HTn5| Theorem 

11.6] to show that gg] is the direct sum g^ = fi © Q' © Q" of a subalgebra 

Q, which is isomorphic to the Onsager algebra, and its images under the 

action of the cycle (123). Hence, q^ is a direct sum of three subalgebras 

pj ' (not ideals!) which are isomorphic to the Onsager algebra. 

^ ■ On the other hand, like any other Lie algebra endowed with an action of 

k> , S4 by automorphisms, gg] is Z2 x Z2-graded by the action of Klein's 4 group 

^ : (see mm)- 

m = (0s)(o,o) ® (0k){I,o) © (0k)(o,i) © (0k)(I,i)- (0.1) 

In |HT05l Problem 13.4], the authors pose the problem of showing that 
(Sk)(o,o) = 0' of finding a basis for each of the subspaces (0Ki)(i^o); (Sk)(o,i) 
and (BKl)(i,i) (which become abelian subalgebras), and of relating this Z2 x 
Z2-grading to the previous decomposition gg| = © $7' © O". 
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2 ALBERTO ELDUQUE 

These notes give a solution to this problem. A key to this solution will 
be the use of a very suitable basis of 5I2 ^A, as a Lie algebra over A, which 
is also useful in simplifying some of the arguments in |HT05j . 

All the algebras considered will be defined over a ground field k of char- 
acteristic 7^ 2. Unadorned tensor products ^ will be considered over k. 

In the next section, the isomorphism between q^ and 5I2 ®>1, as alge- 
bras with an action of the symmetric group 54, given in _ HT05] . will be 
reviewed and proved in a simplified way, by using the suitable ^-basis men- 
tioned above. The action of 5*4 on g^ translates into an action of Klein's 
4 group as ^-automorphisms of $[2 (Si A plus an action of S3 on both s[2 
and A. Section 2 will be devoted to solve |HT05[ Problem 13.4], and the 
normal Lie related triple algebra which is associated to the action of 5*4 on 
gg], as shown in ;E0fl5] . will be found in Section 3. This will highlight a 
general construction of normal Lie related triple algebras defined on certain 
commutative associative algebras endowed with an action of the symmetric 
group 5*3. Section 4 will be devoted to solve |HTn5| Problem 13.3], which 
asks for the ideals of the Tetrahedron algebra, in terms of this ^-basis used 
throughout. A general result on ideals of some Lie algebras will be given, 
and the ideals of the Onsager algebra will be determined too. Section 5 will 
give a different presentation of the Tetrahedron algebra by generators and 
relations, inspired in the properties of the ^-basis used throughout. Finally, 
Section 6 will deal with the universal central extension of the Tetrahedron 
algebra studied in |BTj . 



1. The Tetrahedron algebra and the three point 5I2 loop 

ALGEBRA 

The Tetrahedron algebra g^ has been defined in |HT05j . It is the Lie 
algebra over k with generators 

{Xi, -.ije {0,1,2,3}, i^j} (1.1) 

and the relations 

Xij + Xji = ioii^j, (1.2a) 

[Xij,Xjk] = 2{Xij + Xjk) for mutually distinct i,j,k, (1.2b) 

[Xhi, [Xhi, [Xhi,Xjk]]] = i[Xhi,Xjk] for mutually distinct h, i,j, k. (1.2c) 

One of the main results in |HTn5j relates the Tetrahedron algebra to the 
three point 3(2 loop algebra g = s[2 ^A, where s[2 is the Lie algebra of two by 
two traceless matrices over k and A is the unital commutative associative 
algebra k[t,t~^ , {1 — t)~^] (t an indeterminate), which is a subalgebra of 
the field of fractions k{t). To present the precise relationship in |IITn5| 
Proposition 6.5 and Theorem 11.5], first consider the basis {x = {~q 1), y = 
(I21)) -2= (0-1)} of -sb, whose elements satisfy [x, y] = 2{x + y), [y, z] = 
2(y -|- z), [z, x\ = 2{z -\- x). Then, because of its own definition by generators 
and relations, there is a Lie algebra homomorphism |HTn5| Proposition 6.5] 

^ : 0K — ^ = 5l2®A 
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determined by: 

■^iXo3) = y<S)t + z®{t-l), 
l'(Xoi) = z(E)t' + x^{t' -I), 
^{Xo2) = X (S t" + y (^ {t" - 1), 

where t' = 1 - t"^ and t" = (1 - t)~^ (see |H1'05I Lemma 6.2]). This 



(1.3) 



homomorphism ^ was proved to be an isomorphism in |HTn5i, Theorem 
11.5]. Here this will be proved in another way. Some useful results will 
come out during this process. 
The symmetric group 

84, = {a : {0, 1, 2, 3} — > {0, 1, 2, 3} : o" is a bijective map} 

embeds naturally in the group of automorphisms Aut(gg]) by means of 

for any o" G 6*4 and < i 7^ j < 3. (Here the actions will always be taken 
on the left.) 

Consider the following generators of 5*4: 

n = (12)(30) : 1 w2, 3^0, 
T2 = (23)(10) : 2 w3, 1^0, 
ip = (123) :lh^2h^3h^l, Oh^O, 
T = (12) : 1 ^2, Oh^O, 3h^3. 

The elements ti and T2 generate Klein's 4 group, while (p and r generate a 
copy of the symmetric group S's (recall that ^4 is the semidirect product of 
these two subgroups). 

Theorem 1.4. 6*4 embeds as a group of automorphisms of q = 5i20A in 
the following way: 

(i) if = ips® f_/[, where ip^, is the order 3 automorphism of 5l2 given by 

^s{x) = y, ^s{y) = z, ips{z) = X, 

and (fyx is the order 3 automorphism of the k-algebra A determined 
by 

cpAit) = I - t-^ = t' . 

In particular, (p is an A-semilinear automorphism of g and (p^A is its 
associated automorphism of A. That is, p{ga) = p{g)ipj\^{a) for any 
g G Q and a G A. 

(ii) T = Tg (g) T^, where r^ is the order 2 automorphism 0/3(2 given by 

Ts{x) = -X, Ts{y) = -z, Ts{z) = -y, 

andTj^^ is the order 2 automorphism of A determined by Tji^[t) = 1 — t. 
In particular, r is an A-semilinear automorphism of g and t_a is its 
associated automorphism of A. 
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(iii) Ti is the automorphism of Q, as a Lie algebra over A, given by 

Ti{x (g) 1) = — a; (g) 1, 

Ti{y(g>l) = -{z(g,t' + x(g){t' -1)), (1.5) 

ri(z ® 1) = x (g) t" + y {t" - 1). 
(iv) T2 is the automorphism, of q, as a Lie algebra over A, given by 

T2{X (g) 1) = y t + z ® [t - 1), 

r2(yOi) = -yOi, (1.6) 

T2{z(gl) = -{x(^t" + y(g{t" -1)). 

Moreover, under these actions of S4 on g^ and on q, the homomorphism ^ 
in H1.3|) becomes a homomorphism of Lie algebras with S^-action. That is, 

^{a{X))=a{^(X)), (1.7) 

for any a £ S4 and X G g^. 

Proof. It is easy to check that ip^ and Tg are automorphisms of 5(2 of order 
3 and 2, respectively, and that ipsTg = t^^I. Also, ^a'TA = 'TA^\- Hence 5*3 
embeds in Autg by identifying ip to (p^® ^a and r to Tg ryi. 

Now, equation (|1.5|) defines a unique Lie algebra homomorphism of g, as 
a Lie algebra over A, which satisfies rf = 1. The same happens for T2 and 
T1T2 = T2T1. For instance, using that {t' — l)t = — 1 = t"{t — 1), we check 

TiT2{x(g}l) = Tl{y (g) t + Z ^ {t - I)) 

= -z0t't-x(S) {t' -l)t + x® t"{t -l)+y® {t" -l){t- 1) 
= -z®{t-l)+x®l-x®l-y(g>t 
= -{y0t + z0{t-l)) 

= -T2{X (g 1) = T2Ti{x (g 1). 

Now, it has to be checked that ipri = T2^, ^T2 = tiT2^, tti = tit and 
TT2 = T1T2T. In all cases, the maps on both sides are ^-semilinear with the 
same associated automorphisms of A, so it is enough to check the equalities 
on the basis {x g) 1, y g) 1, z (g 1} of g over A. This is straightforward. 

For the last part, it is enough to check (|1.7j) for X = Xij, i ^ j in 
{0, 1, 2, 3}, and again this is a routine verification. D 

In order to show that ^ is an isomorphism, it is better to work with a 
different basis of g over A. Consider the following elements of g: 

uo = -^(Xo2 + X3i) = -(z(gl + x(gt" + yg)(t"-l)), 

ui = -^(Xo3 + Xi2) = -(xg)l + yg)t + z(g(t-l)), (1.8) 

U2 = -^(Xoi + X23) = -(y(gl + z(gt' + 2;(g(t'-l)). 

Observe that, since ^Ait) = t' and 9?^(i') = t", these elements are permuted 
cyclically by the order 3 automorphism 93 in Theorem 11.41 

Theorem 1.9. With uq, ui and U2 as above: 

(i) {uo,ui,n2} is a basis of q as a module over A. 
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(ii) [uo,ui] = -U2t, [ui,U2] = -not', [u2,uo] = -uit" . 
(iii) no, ni and U2 generate q as a Lie algebra over k. 

Proof. Let us start with item (ii). Use ^ and the relation ()1.2b|) to get 
[no,ni] = — ^([Xo2 + X3i,Xo3 + Xi2; 

= ^^ (-2(^20 + Xos) - 2(Xo2 + X21) 

+ 2(Xi3+X3o)+ 2(^31 +X12) 
= ^*(-4Xo3 + 4X12) = -^^(Xo3 - X12) 
= --^(-x(g)l + y(g)t + 2;(g)(t- 1)). 
On the other hand, 

-U2t = --{y ^ t + z ® t't + X ^ {t' - l)t) 

= --(y®t + z(g)(t-l)-x(g)l), 

since {t' — l)t = —1. Hence [no,ni] = — n2t. Now apply c/? to get [ni,n2] = 
[(p{uo),if{ui)] = —(p{u2t) = —ip{u2)^A{t) = —not' and, in the same vein, 
[n2,no] = —uit", as required. 

To prove (i), first note that g = 5I2 (8>^ is a subalgebra of the simple 
Lie algebra s^ <8)A:(t) over the field k{t). The A;(t)-subalgebra s generated 
by no, ni and n2 is perfect (s = [s,5]) by (ii), and hence its dimension 
cannot be < 2 (otherwise, it would be a solvable Lie algebra). Therefore, 
{no,ni,n2} is a basis of 5^2 ®/s(t) over k{t). In particular, no, ui and n2 are 
linearly independent over A, and no^0ni^©n2^ is an ^-subalgebra of g. 
Moreover, the computations above show that 

4n2t = y(g)t + z(g) (t- 1) -x(g) 1, (1.10) 

while 4ni = x®l-|-y(8)t-|-z(8'(t — 1). Hence, 

a; 1 = 2(ni - n2t) (1.11) 

belongs to no^ © uiA © n2^. Apply ip to get y 1 = 2(n2 — not') G 
uqA © uiA © n2^ and also z 1 = 2(no — nit") € no^ © uiA © n2^. This 
proves (i). 

Finally, let us denote now by 5 the fc-subalgebra of g generated by no, 
ui and n2. Observe that 5 is invariant under the action of the order 3 
automorphism (p, so it is enough to prove that no^ is contained in s. From 
(ii) we obtain 

[ni, [ni,not"]] = [ni,n2t"+^] = -not'f^+i 

= -not''(t - 1) = -not"+^ + nof^ 
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since t't = t — 1. Hence, an induction argument shows that uq^" is in 5 for 
any n > 0. In the same vein, 

[U2, [u2,Uo{t'r]] = [u2,U,{tTt"] = -UoitT'-'t" = -U^{t'T{t' " 1), 

and uo{t')" € 6 for any n > 0. Finally, since uot"' is in s for any n > 0, and 
s is invariant under if, we get U2{t")^ € s too, for any n > 0. Hence: 

[ni,n2(t")"(l - t")] = -^o(t")"(l - t")t' = -uoit'T e 5 

for any n > 0. But {1} U {t", (t')", (*")" : n G N} is a basis of A over k 
f |HT051 Lema 6.3]), so uqA is contained in s, as required. D 

Corollary 1.12. The homomorphism ^ is onto. 

As in |HT05j . let O (respectively Q', Q") denote the subalgebra of gg] 
generated by X12 and X03 (respectively X23 and Xqi, X31 and Xq2)- Note 
that n' = ip{n) and Q" = ip{n'). In plT05j Proposition 7.8] it is proved 
that 0g] is the direct sum of the subalgebras Jl, 0' and 0," . A simpler proof 
can be given as follows: 

Lemma 1.13. Let Si and S2 be two subspaces of a Lie algebra I such that 
[Si, S2] ^ 51 + 5*2 holds, and letSi be the subalgebra generated by Si, i = 1,2. 
Then [si,S2] ^ si +62. In particular, Si +S2 is a subalgebra of I. 

Proof. From [Si, 5*2] ^ S'l + ^2, it follows that [5i,S2] Q 5i +S2, and then 
that [si,S2] ^ si +S2. □ 

Proposition 1.14. gg] = i7 + i7' + ft". 

Proof. Let S (respectively S", S") denote the subspace spanned by X12 and 
Xo3 (respectively X23 and Xqi, X31 and X02). Then, by ()1.2b|) . [S, S'] C 5 + 
5", so the previous Lemma gives [ri,ri'] C ri + Q', and, similarly, [fi',0"] C 
n' + n" and [n", n] C n" + n. Therefore, n + n' + n" is a subalgebra of g^, 
which contains all the generators Xij, so it is the whole g^. D 

The images under ^ of these subalgebras are given in the next result: 

Proposition 1.15. 

(i) *(0) = no(t - l)k[t] e uik[t] U2tk[t], 
(ii) ^{Q') = uot'k[t'] ui{t' - l)k[t'] U2k[t'], 

(iii) ^{Q") = Uok[t"] Uit"k[t"] U2{t" - l)k[t"]. 

In particular, g is the direct sum of the subalgebras ^{^), ^(il'), and ^{Vt"). 

Proof, (ii) and (iii) are obtained from (i) by applying the order 3 automor- 
phism (p. To prove (i), first note that since tt' = t — 1 and t"{t — 1) = —1, 
the /c-subspace uo{t — l)k[t] uik[t] U2tk[t] is a A;-subalgebra of g, and it 
contains ui = j^(Xo3 + X12) and U2t = l^{Xo3 - Xu) (HHUl), so it cer- 
tainly contains ^(O). But one has A = {t - l)k[t] © t'k[t'] k[t"] because of 
|HTn51 Lemma 6.3], so applying (^^, also A = k[t] (t' - l)k[t'] t"k[t"] = 
tk[t] k[t'] {t" — l)k[t"]. Hence g is the direct sum of the subalgebras on 
the right hand sides of (i), (ii), and (iii). Since "^ is onto (Corollarv ll.l2|) 
and gg] = + 0' + il" (Proposition II . 14|) . the result follows. D 
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The next result simplifies the work to prove that ^ is one-to-one: 

Lemma 1.16. If the restriction of ^ to Q is one-to-one, so is ^. 

Proof. Assume that the restriction of ^ to 17 is one-to-one. Then, since 
*(0 n {n' + n")) is contained in ^(17) n (^(O') + ^(S7")) = (as g is 
the direct sum of ^{^), ^i^'), and *(0") by Proposition ITTT^ . it follows 
that S7 n {Q' -\- O") is contained in the kernel of the restriction ^\n, which 
is assumed to be 0. Hence, by the cyclic symmetry provided by ip, g^ = 
Q (B ^' (B ^" and, again using the cyclic symmetry, the restriction of ^ to 
each of these three direct summands is one-to-one, and so is ^. D 

Therefore, it is enough to prove that ^|f7 : fi ^ g is one-to-one. But fi is 
the homomorphic image of the Onsager algebra O (see |HT05[ Section 4] ) , 
which is the Lie algebra over k with generators A and B and relations 

[A, [A, [A,B]]] = i[A,B], [B, [B, [B,A]]] = i[B,A], 

under the homomorphism which takes A to X12 and B to Xq^. 

Hence, in order to prove that ^|n is one-to-one, it is enough to prove the 
following: 

Lemma 1.17. The Lie algebra homomorphism </> : O — > g determined by 
(P(A) = ^(Xi2) and (j){B) = ^(Xqs) is one-to-one. 

Proof First note that (j){A) = ^{X^) = x (gi 1 = 2{ui - U2t) (fTTTT|) . and 
0(5) = ^(Xos) =y®t + z®{t-l)= 2{ui + U2t) (TTTni) . Besides |()ns44| . 
O has a basis {Am : m G Z} U {G/ : / G N}, where Aq = A, Ai = B and 

[Ai,Am] = 2G/_„ (/ > m), [Gu A^] = A^+i - A^-i, [Gi, Gm] = 0. 

Denote by Oa (respectively Oq) the linear span of {Am : m ^ Z} (respec- 
tively {Gi : I G N}). Then adc^ lo^ : Oa — > Oa is one-to-one, and so is 
adyig \og : Og -^ Oa- This shows that any nonzero ideal of O intersects 
nontrivially Oa- Also, {(adGi)"'(^o), (adGi)'^(^i) : m > 0} is a basis of 
Oa, and so is {(adGj™(^o + ^i), (adGi)'"(^o - Ai) : m > 0}. 

Hence, in order to prove that (j) is one-to-one, it is enough to prove that 
so is (/'Ioa ^iid) hence, to prove that {(/>((adGi)'"(^o + ^i))) 0((adGj™(Ao^ 
yli)) : m > 0} is a linearly independent set in g. But, 

0(Gi) = \h[M,Ao]) = ^[^(Xo3),^(Xi2)] 

= 2[ui + U2t, ui — U2t] = — 4[ui, U2t] = AuQtt' = 4uo(i — 1), 
(piAo + Ai) = 2{ui - U2t) + 2{ui + U2t) = 4ui, 

(t){Aii - Ai) = 2{ui + U2t) - 2{ui - U2t) = iU2t, 

so we must check that {(ad„,j((_i))'"(tii), (ad„(j(f„i))'"(u2t) : m > 0} is a 
linearly independent set. Now, 

[uo{t- l),ni] = -U2{t- 1), 
[no(t - 1), U2t] = uit"{t - l)t = -uit, 
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SO 

(ad„„(i_i))2™(ni)= ^1(^(^-1))", 

(ad„„(,„i))2-(n2t) = (n2t)(t(i-l))'", 
(ad„„(,_i))2"+i(ni) = -{U2t)it - l){t{t - l)r, 
(ad„o(t-i))'™^'M) = -nit(t(t - I))'", 
and all these elements are linearly independent over k. D 

Corollary 1.18. (See |H'l'n5l Theorems 11.5 and 11.6, and Corollary 12.5].; 
(i) ^ : 0H ^ 'i'S an isomorphism. 

(ii) 0g| is the direct sum, of its subalgebras 0,, 0,' and 0," . 
(iii) r2 is isomorphic to the Onsager algebra. 

Proof, (i) follows from the results above. Then (ii) follows from Proposition 
I1.15( and (iii) follows because the epimorphism O — ;• O such that A i-^ X12 
and B 1-^ Xq^ is one-to-one by Lemma 11.171 D 



2. The solution to |H1U5[ Problem 13.4] 

The action of ^4 on q^ (or on g = s[2 'S'A) restricts to an action of Klein's 
4 group, which gives a Z2 x Z2-grading on g, as in E0fl5, (1.1)]: 

g = i©0o©0ie02, (2.1) 

where 

i={g£Q:Ti{g)=g, T2{g) = g} (= 0(o,o))> 

00 = {9 G : Ti{g) = g, T2{g) = -g) (= 0(i,o)), 

01 = {5 G : nig) = -g, r2{g) = g} (= 0(o,i)), 

02 = {5 G : n{g) = -g, T2{g) = -g} (= 0(i,i))- 

In |HTn5| Problem 13.4] it is posed the question of proving that t = 0, 
of obtaining a basis for each of these subspaces 0j, and of investigating 
the relationship between this decomposition (|2.1|) and the decomposition 
q^ = VL®Q.' ® n" in Corollary inHl 

The use of the ^-basis {uo,ui,U2} of (Theorem II. 9|) makes the deter- 
mination of the subspaces in (|2.1j) quite easy: 

Theorem 2.2. With the previous notations, 

t = 0, 00 = UqA, 01 = UiA, 02 = U2A. 

Proof Recah that n = (12)(03) and T2 = (23)(10). Since ri(Xo2) = X31 
and r2(Xo2) = ^13 = -^31, it follows that uq = i^(Xo2 +-^^31) belongs 
to 00. But the automorphisms ri and T2 are ^-linear (Proposition II .4(1 . so 
uqA is contained in 0o. In the same vein it is proved that uiA C 0^ and 
U2A Q 02; and Theorem 11.91 finishes the proof. D 

Since the set {1} U {t", (t')", (i")" : n e N} is a fc-ba sis of A ( |HTn5l 
Lemma 6.3]), the following result, which solves part of |HT05l Problem 
13.4], is clear: 
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Corollary 2.3. For i = 0,1,2, the set {nj U {uit",iii(t')", Wj(t")" : n G N} 
is a k-basis of the space Qi. 



Actually, |H'rn5[ Lemma 6.3] shows that A = {t - l)k[t] t'k[t'] k[t"] 



so 



So = UQ{t - l)k[t] uot'k[t'] uok[t"] 

= {^{n) n 0o) e {^{n') n 50) e {^{n") n go) , 

(see Proposition I1.15() . and something similar holds for qi and 02- This 
gives the relationship between the decompositions 5 = 0o © 0i ® 52 and the 
decomposition g^ = fi © 0' 0". 

Remark 2.4. Also, since t"{t - 1) = -1 and {t" - l)(t - 1) = -t, it follows 
that 

uo{t - l)klt] = (z(g>{t-l)+x® t"{t - 1) + y (g) {t" -l){t- l)\ k[t] 

C x k[t\ y tk[t\ ®z<^{t- l)k[t\. 

Besides, the definition of ui shows immediately that 

uik[t\ C X k[t\ y tk[t\ ® z ® {t - l)k[t\, 

and since t't = t — 1 and {t' — l)t = —1, also 

U2tk[t\ C X k[t\ y tk[t\ z (t - l)k[t]. 

In this way, one recovers |HT05l Corollary 13], which asserts that 

^{VL) = X k[t\ y tk[t] z (i - l)k[t\. 



3. The normal Lie related triple algebra associated to the 

Tetrahedron algebra 

Following jEi)05', given the Lie algebra g on which ^4 acts as automor- 
phisms, there exists a structure of normal Lie related triple algebra defined 
on go, which essentially determines g. 

A normal Lie related triple algebra {A, -,") is an algebra with multiplica- 
tion •, with an involution ~, and endowed with a skew-symmetric bilinear 
map 5 : Ax A^r W(yl, •,"), where 

ltt(yl, •,") = {(4,^1,^2) E Qi{Af : di{x ■ y) = di+i{x) ■ y + x ■ di+2{y) 

for any x,y G A and i € Z3}, 

satisfying some conditions (see |Uku05[ (2.34)] for a complete definition). 

Here go = uqA can be identified with A by means oi lq : A ^^ Qq, 
a I— > to (a) = uoa. Then, according to |EO05j . one has to consider the 
identifications ii : A ^>- Qi given by 

Li{a) = ip'{io{a)) = ip\uoa) = y?* (no) 99^ (a) = unp'^{a), 

for i = 0,1,2 (see Proposition II. 4j) . Therefore, by Theorem 12. 2| 

= (BJ=o^i{A), 
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and the action of ^ on g is given by 

Li{a)b = Ui<f\{a)h = Uiip\{a^p^' (b)) = Li{a(p^'{b)), 

for any a,b £ A and i = 0, 1, 2. 

Now, according to |E( )n5[ Section 2], the /c-vector space A is endowed 
with an involution a t-^ a determined by io(«) = — ■'"('-o(«))- That is, by 
Proposition II .41 

uqu = -T{uoa) = -r(uo)T^(a) 

= --t{z (S)l + x(S)t" + y(^ it" - l))r^(a) 

= -^{t,[z) (g) 1 + T,{x) ® TA{t") + T,{y) (g) TA{t" - l))TA{a) 

= --{-y®l-x®{l-t')+z®t')T_A{a) 
= -uot'T^ia), 

as t"t' = t' -I. Therefore, 

a = -t'T^ia) 

for any a £ A. Note that since r^ = 1, a = a for any a £ A. 
Also, A is endowed with a multiplication determined by 



to (a- b) = [Li{a),L2{b)]. 
Hence, 



uo{a ■ b) = Lo{a ■ b) = [ti(a), i2{ 

= -uot'ipAia)ipAib) 
(see Theorem II .91) . so 



a-b= -t'ipA{a)'^'A{b) 

= t'TA{t'^A{a)^A{b)) 

for any a,b £ A (since T^(i') = {t')^"^). 
Summarizing, we have obtained: 

Proposition 3.1. The normal Lie related triple algebra associated to the 
S4-action on the Lie algebra Q = 5(2 ^A is isomorphic to (A, -,"), where 

( ab= {TAVA{a)) {TA^Aib)) 
I a = -t'TA{a) 

for any a,b £ A. 

This result highlights a family of normal Lie related triple algebras, whose 
associated Lie algebras with 54-action satisfy that there are no nonzero 
elements fixed by Klein's 4 group: 
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Proposition 3.2. Let A be a unital commutative associative algebra en- 
dowed with a group homomorphism 9 : S3 ^> Aut{A) (the image of any 
a under 9 will be denoted by a too), and an element s ^ A such that 
sip{s)ip'^{s) = 1 = st{s) (notation as in Section 1). Define on A a new 
multiplication by 

a-b={Ma)){T^\b)) 
for any a,b £ A, and a linear map ^4 — > A, a 1— > a, by 

a = ST{a). 

Then {A,-,~) is a normal Lie related triple algebra with trivial associated 
bilinear map 6 : A x A ^ ^rt(^, -,"). 

Proof. Let us first check that a 1— > a is an involution of {A, •). For any a € A, 

a = ST{a) = ST{sT{a)) = sT{s)T'^{a) = a, 

while for any a,b € A, 

b-a={Mb)){Tip\a)) 

= (r^(.r(6)))(V(sr(a))) 
= T(^ip{s)(p'^{s))ip'^{b)ip{a) (as npr = ip^) 
= ST(^sip{s)ip {s))ip{a)ip (b) (as st{s) = 1) 
= s(p{a)ip (6) (as sip{s)ip (s) = 1) 

= ST{{Ma)){Tip'{b))) 



= a ■ b. 
Now, because of |E()f)5| Theorem 2.4], for any a,b,c € A, 

b-{a-c) = {sT{b))-{{Ma)){T^\b))) 

= {MsT{b))){T^\T{cp{a)^\c)))) 
= {Ms))^\b)^{^{a)^\c)) 
= {■r^{s))v'^{ab)c, 
which is symmetric on a and b. Therefore, 

6i{a, b){c) = b ■ {a ■ c) — a ■ {b ■ c) = 

and, similarly, 

62(0, b){c) = {c ■ a) ■ b — {c ■ b) ■ a = 0, 

for any a,b,c a A. This shows that {A, -,") is trivially {5 = 0) a normal Lie 
related triple algebra. □ 

In our case, with A = k[t,t~^, (1 — t)~^], the action of S3 is determined 
by the automorphisms (pj[ and r^ in Proposition II. 4| and the distinguished 
element s is —t', which satisfies sc/3^(s)(/3^(,s) = —t't"t = 1 = stj({s). 
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4. The solution to |HTn51 Problem 13.3] 

In this section, the ideals of both the Tetrahedron algebra and the Onsager 
algebra will be determined. Let us first deal with the Tetrahedron algebra, 
whose determination constitutes the problem posed in [HTfl5.. Problem 13.3]. 

Proposition 4.1. g^ is a prime Lie algebra. 

Proof. Since 5(2 ^A^_A_k{t) is isomorphic to the simple Lie algebra 5(2 ^k{t), 
it follows that g = 5(2 0A is prime, and hence so is g^. D 

Let be an ideal of g = 5I2 <SiA. The aim is to prove that there is an ideal 
T of ^ such that 

= UqI © Uil © U22. 

Therefore, the set of ideals of g (and hence of gg) is in bijection with the 
set of ideals of A. 

To prove this, take any element uqu + uib + U2C in g (a, &, c € A). Then, 
using Theorem 11.91 and since tt't" = — 1: 

[uq, [ui, [u2, uoa + uib + U2c]]] = -uib, 

[ui, [u2, [no, Uoa + uib + U2c]]] = -U2C, (4.2) 

[u2, [mq, [ui,uoa + uib + U2c]]] = -uoa. 

Theorem 4.3. The ideals of q = s[2 '^A are precisely the subspaces 

UqI © Uil © U2I, 
where {uo,ui,U2} is the A-basis of q in Theorem M.JA andZ is an ideal of A. 

Proof. Let a be an ideal of g and consider the subspaces li = {a € A : uta E 
a}, i = 0, 1, 2. As in 1)4. 2() . [u2b, [uq, [ui,uoa]]] = —uoba, so Iq is an ideal of 
A, and so are Xi and X2. Now, because of ()4.2|) . a = mqXo © uili © M2X2. 
But for any a G Iq and b G A, [u2b,UQa] = —uibt"a € 0, so At"a C Zi. 
Since t" is invertible in A, this shows that Iq = AIq = At"lQ C Ti. In the 
same vein, one proves ^Tq ^ 2^1 C T2 C Tq, so Iq = Ii = I2 and the result 
follows. D 

Notice that A, as a ring of fractions of k[t], is a principal ideal domain. 
Actually, a much more general result can be given: 

Theorem 4.4. Let q be a central simple finite dimensional Lie algebra, and 
let A be a unital commutative associative algebra. Then the ideals of q^ A 
are precisely the subspaces g © /, where I is an ideal of A (g © / zs naturally 
identified with a subspace o/g © AJ. 

Proof. Let A^(g) be the associative subring (not necessarily unital) of Endjfc(g) 
generated by {ad^ ■ 9 ^ q} (see |Jac79[ Chapter X]). A well-known result by 
Wedderburn shows that A4{q) = Endfc(g), since g, as a central simple Lie 
algebra, is an irreducible module for A^(g), and the centralizer of the action 
is k. Let {gi : i = 1, . . . ,n} he a basis of g and let eij G Endfc(g) be the 
linear map given by eij{gk) = 5jk9i- Then, for any x = YJi=i 5i © «i G O -4 
(cj G ^, i = 1, . . . ,n), Qi® ai = {en © l)(x) and gj © aib = (cji © b){x) 
belong to the ideal of g © A generated by x, as both en and Cji belong to 
M{g). Now, if is an ideal of g © ^, and / = {a G ^ : gi © a G a}, the 
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above arguments show that, for any i = 1, . . . , n, I = {a £ A : gi (^ a £ a} , 
I is an ideal of A, and a = g^ I. D 

In IDEDOj ■ an ideal a of a Lie algebra g is said to be closed if Z{a) = {x £ 
9 '■ [x, g] C a} equals o. Note that Z(o)/a is the center of 3/0, so the ideal a 
is closed if the center of g/a is trivial. 

Corollary 4.5. Let g be a central simple finite dimensional Lie algebra, and 
let A be a unital commutative associative algebra. Then any ideal of g i^ A 
is closed. 

Proof. From Theorem 14.41 it follows that any ideal of g (8) ^ is of the form 
g / for some ideal / of A, and hence the quotient g ^ A/g (g) / is isomorphic 
to 3 (8) {A/ 1), whose center is trivial, as A/ 1 is unital. D 

The closed ideals of the Onsager algebra have been determined in IDEDOj 
and |DR,nn'j . Here all the ideals of the Onsager algebra will be determined. 
To do so, let us identify the Onsager algebra O with ^(O) = no(t — l)k[t] © 
uik[t]Q)U2tk[t] (Proposition ll.l5J) . which is closed under the action of Klein's 
4 group. Consider the following elements in O: 

VO = Uoit-l), Vi=Ui, V2 = U2t, 

which are free generators of O over k[t], and satisfy 

[vo,vi] = -V2{t-l), bi,W2] = -^^o, [v2,vo] = vit, (4.6) 

because of Theorem 11.91 as t't = t — 1 and t"{t — 1) = —1. 

Recall that the centroid of a Lie algebra g over k is the centralizer of the 
adjoint action: r(0) = {/ S Endfe(0) : fi[x,y]) = [x,f{y)] for any x,y £ g}. 

Lemma 4.7. 

(i) O is generated, as an algebra over k, by vq, vi and V2. 
(ii) The centroid of O is isomorphic to k[t]. 
(iii) O is prime. 

Proof. Since (ady^)'^ {vot"^) = v^t"^^^, it follows that woi" belongs to the sub- 
algebra generated by vq, vi and V2 for any n. But then so does vit""'"^ = 
[v2,vot"'] and V2t'^{t — 1) = [vi,vot"-]. Hence (i) follows. 

It is clear that k[t] embeds in the centroid r(0), since O is an algebra 
over k[t]. But for any / £ T{0), f{vi) £ {x £ O : [x,Vi] = 0} = Vik[t\, so 
there are polynomials Pi{t) £ k\i\ such that f{vi) = ViPi{t), i = 0, 1, 2. Then 

/,N rf . rn l^ / [/(l'2) , ^l] = ^2^2 (t) , l^l] = ^^0P2 (0 , 

V0P0{t)= f{VQ)= f{[V2,Vl]) = i 

\[V2j[Vi)\ = [V2,VlPl[t)\ =VQpi{t), 

SO po{t) = pi{t) = P2{t)- Because of (i), / is determined by its action on t^o, 
vi and ^2, and hence / is the right multiplication by po(^)- 

Finally, O ®k[t] k{t) is a three dimensional simple algebra over the field 
k{t), so that O is prime. D 
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In order to determine the ideals of O, first note that for any ideal J of 
k[t], OJ is an ideal of O. These ideals are closed under the action of Klein's 
4 group. 

Let now X be an ideal of O, and consider the following subspace of k[t\: 

Jx = {p{t) ^k[t\ : VQp{t) + vipi{t) + V2P2{t) G 2: for some pi(t),p2(0 ^k[t]}. 

Proposition 4.8. LetZ he an ideal of O. Then: 
(i) J J is an ideal of k[t]. 

(ii) I lies between the ideals OJxt{t — 1) and OJj: 
OJjt{t - 1) C T C OJj. 

Proof. For any p{t) € J = Jj, there are polynomials Pi{t),p2{t) € k[t] such 
that X = vop{t) + vipi{t) + V2P2{t) belongs to I. But 

{ady^f{x) = votp{t) + vitpi{t) G I, 

so tp{t) G J, and hence J is an ideal of k[t\. 

Now, if X = VQPQ{t) + vipiif) + V2P2{t) G 1, then po{t) lies in J, but since 

[V2,x] = VoPl{t) + Vitpoit) G I, 
[-fl,x] = UoP2(i) - V2Poit){t - 1) G X, 

it follows that both pi{t) and P2(i) lie in J too. Therefore, X is contained in 

■vo«/ © ^'1-/ © ^2-^ = OJ. Moreover, 

[vo, [vi,x]] = vipo{t)t{t - 1) G X, 

[V2, [vo, [Vl,x]]] = VoPo{t)t{t -1) el, 
[-Vo, [V2,x]] = V2Po{t)t{t - 1) G X, 

so OJt{t - 1) = voJt{t - 1) e viJt{t - 1) e V2Jt{t - 1) is contained in X. □ 

Corollary 4.9. Let I he a maximal ideal of O, then the quotient algehra 
O jX is either a one dimensional Lie algebra over k, or a three dimensional 
simple Lie algebra over a finite field extension of k. 

Proof. By maximality, either Jj = k[t], or 2 = OJj and J = Jj is a maximal 
ideal of k[t]. In the first case, vq G X, and hence V2{t — 1) = [wi, vo] G X and 
vit = [v2, vq] G X. Thus O/I is spanned by vi = f 1 + X and i;2 = f 2 + X, 
which satisfy [1*1,^2] = 0. It follows that O/I is abelian and, by maximality 
of X, the dimension of O/I is 1. 

Otherwise I = OJj and J = Jj is a maximal ideal of k[t]. Then there 
are three different possibilities, according to J being the ideal generated by 
t, by i — 1, or by a monic irreducible polynomial different from t or f — 1. 

If J = tk[t], then O/I is spanned hy Vi = Vi + 1 , i = 0, 1, 2, which satisfy 
[^2,^0] = 0, [^1,^2] = —^0 and [t)o)^i] = V2, thus giving a three dimensional 
solvable Lie algebra, which contradicts the maximality of X. The same 
happens if J = (t — l)fe[t]. 

However, if J = p{t)k[t], for a monic irreducible polynomial different 
from t and t — 1, then K = k[t]/J is a finite field extension of k, and O/I 
is naturally a Lie algebra over K with a basis {vi = Vi + 1 : i = 0, 1,2}. 
Because of ()4.6() . this is a simple three dimensional Lie algebra over K. D 
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Note that in ^ = k[t,t^^, (1 — t)~^], both t and t — 1 are invertible, and 
hence, with the same arguments as in the previous proof, it is easily checked 
that the quotient of the Tetrahedron algebra gg by any maximal ideal is 
always a three dimensional simple Lie algebra over a finite field extension of 
k. 

Note that k[t] decomposes as 

k[t] = t{t - l)k[t] © {kt © k{t - 1)) 

(direct sum of subspaces) . Therefore, 

O = Ot{t - 1) © span {vit, Vi{t - 1) : i = 0,1,2} , (4.10) 

and if J = q{t)k[t] is a nonzero ideal of k[t], then 

OJ = OJt{t - 1) © span {viq{t)t, Viq{t)t{t - 1) : i = 0, 1, 2} . 

Besides, for any nonzero ideal J of k[t], [Ot(t — l),OJ] is contained in 
OJt{t — 1), so there are natural bijections 

{ideals J of O with OJt{t - 1) C T C OJ] 

I 
{O-submodules of OJ/OJt{t - 1)} 

I 
{0/Ot{t - l)-submodules of OJ/OJt{t - 1)} 

Given an element x £ O (respectively x G OJ), let us denote by x its 
class modulo Ot{t — l) (respectively, modulo OJt{t — l)). Thus, from (|4.1U|) . 
with J = q{t)k[t] / and Wi = Viq{t), i = 0,1, 2, 

2 

0/Ot{t - 1) = {kU^ © kvi{t - 1)) , 

1=0 
2 

OJ/OJt{t - 1) = ^{kmit®kwi{t-l)). 

i=0 



Note also that for any i,j, \vii,Wj{t — 1)] = = [vi{t — 1), Wjt\, since 
[vit, Wj{t - 1)], [vi{t - 1), Wjt] G OJt{t - 1). 

The eigenvalues of the action of V2t on OJ/OJt{t — 1) are: 

• 0, with eigenspace kw2t © {®f^Qkwi{t — 1)), 



1, with eigenspace kw^t + wit, and 



• —1, with eigenspace kw^t — wit. 
(For instance, by H4.6I) . [v2t, w^t + wit] = wit^ + w^t^, but t^ = t{t — l){t + 

1) + t, so Wd^ = Wit.) 



Also, the eigenvalues of the action of vi{t — 1) on OJ/OJt{t — 1) are: 
• 0, with eigenspace (©^^q^'"^**) ® kwi{t — 1), 



1, with eigenspace kwQ{t — 1) + W2{t — 1) , and 



T, with eigenspace kwQ{t — 1) — W2{t — 1). 
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Besides, [vot,wit] = —W2t^{t — 1) belongs to OJt{t — 1), and the same 
happens to [vit,wot], [vo{t — l),W2{t — 1)] and [v2{t — l),wo{t — 1)]. More- 
over, W2t generates the O-submodule ^j^^kwit, and wi(t — 1) generates 
®i^Qkwi{t - 1). 

Therefore, since any O-submodule of OJ/OJt{t — 1) is the direct sum of 
its intersections with the previous eigenspaces, we get: 

Proposition 4.11. Let J = q{t)k[t] be a nonzero ideal of k[t]. Then the 
ideals I of O with J = Jj are the subspaces 

I=OJt{t-l)®S, 

where S is of one of the following types: 

(i) S = k€{wot + wit)®k6{wot-wit)i^k€6-fW2t'^k€'{wo{t-l)+W2it- 
1)) Q) k5' {woit - 1) -W2it-l))(Bk€'6'j'wi{t-l), where Wi = Viq{t), 
i = 0, 1,2, and e, 5,7, e', 5', 7' are either Q or 1, with e+5 7^ 7^ e' + 5' 
(as J = Jj). 

(ii) S = Sri = span {wot, Wit, wo{t — l),W2{t — l),W2t + rjwi{t — 1)}, with 
Oy^r]ek. 

Remark 4.12. The ideals in Proposition 14.111 which are invariant under 
the action of Klein's 4 group are those of type (i) with e = 5 = e' = 6' = 1. 
In this case, I = vqJ (B viJi (B V2J2, where Ji is either J or Jt, and J2 is 
either J or J{t — 1) (four possibilities which correspond to 7 and 7' being 
either or 1). 

Recall that an ideal X of O is closed if Z(I) = {x £ O : [x,0] C^ 1} equals 
I. Write J = Jj. Then, for any x = vopo{t) + vipi{t) + V2P2{t) in Z{J), 

[x, vi] = -V2{t - l)po{t) + voP2(t) elQOJ, 

[x,V2] = -vitpQ{t) - VQpi{t) ETC OJ, 

and hence Pi{t),p2(t) £ J and (t — l)po{t),tpo{t) G J, so po{t) = tpo{t) — 
{t - l)po{t) G J too. Therefore, 

OJt{t - 1) C I C Z{I) C OJ. 

Also, if J = q{t)k[t] and Wi = Viq{t), i = 0,1, 2, using (|4.1()j) . we get 

[W2t, O] = [W2t, Ot{t - 1)] + k[w2t, Vot] + k[w2t, Vit] 

2 

+ Y,k[w2t,v^{t-1)] 

j=0 
C OJt{t - 1) + kwit + kwQt, 

and this is contained in I in case X is as in item (ii) of Proposition 14.111 
so W2t G Z(I) \ X in this case. The same happens for X as in item (i) of 
Proposition 14. 1 11 with e = 5 = 1 and 7 = 0, or with e' = 6' = 1 and 7' = 0. 
For the remaining ideals in Proposition 14. Ill it is easily checked that they 
are closed. Therefore: 

Proposition 4.13. Let 2 be a closed ideal of O, with Q ^ J = Jj = q{t)k[t], 
then, with Wi = Vik[t\, i = 0,1,2, Z is one of the following ideals: 

(a) I = OJt{t-l)®k[wot±wit)i^k{woit-l)±W2it-l)) (i possibilities). 
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(b) I = OJt{t-l)®{®j^Qkwit)Qk{wo{t-l)±W2{t-l)) (2 possibilities). 
In this case I = OJt © k{wo ± ^2). 

(c) I = OJt{t - 1) © k{wQt ± Wit) © {®i=Qkwi{t - 1)) (2 possibilities). 
In this case I = OJ{t — 1) © k{'WQ ± wi). 

(d) I=OJ. 

Proof. Only the last assertions in (b) and (c) need to be checked. Since 
Jt = Jt{t - 1) © kq{t)t, it follows that OJt = OJt{t - 1) © {®i=Qkwit). 
Besides, Wi{t — 1) + Wi = Wit € OJt. The last assertion in item (b) follows 
at once. The argument for item (c) is similar. D 

Note that only the ideal in (d) is invariant under the action of Klein's 4 
group. 

5. Another presentation of the Tetrahedron algebra 

In this section, a new presentation of the Tetrahedron algebra, based on 
the properties of our basis over A, will be given. 

Consider the Lie algebra f generated by the elements zq, z\ and Z2 subject 
to the relations: 

[[zi,2;i+i],Zi+2] =0, (5.1a) 

[zj, {zi, Zj+i]] = Zj+i + [zi+2, Zi\, (5.1b) 

[[2;i+i,[zi+i, [zi+i,2:i]]], [zi+i,2;i]] =0, (5.1c) 

for any i € {0, 1, 2}, and where the indices are taken modulo 3. 

The aim of this section is to show that f is isomorphic to the Tetrahedron 
algebra gg], thus providing a different presentation of this latter algebra. 

First, let us obtain some consequences of the relations (|5.1|) : 

Lemma 5.2. For any i,j E {0,1,2}, and taking indices modulo 3, the 
following relations are satisfied: 

[{ad,f{z,),z,] = 0, (5.3) 

[[zi^i,Zi],[zi,Zi+i]] = Zi, (5.4) 

(ad[^^,;,^_^^])^(zi+i) = {ad^^^-^f{z,) - {ad^^^^)'^{zi). (5.5) 

Proof. Equation (|5.3() is clear for i = j. Also, 

[(ad^J^(zi+i),2;i+i] = [zi+i + [zi+2, Zi], Zi+i] = 0, 

because of ()5.1b|) and (|5.1aj) . while 

[{adzj'^{zi_i),Zi^i] = [zi,[[zi,Zi_i],Zi-i]] = -[{adz^_^f{zi),Zi] =0 

by the previous argument. Hence ()5.3() holds. 
Now, 

[[zi_i, Zj], [zi, Zi+i]] = [zi_i, [zi, [zi, Zi+i]]] (because of (!5.1a|)) 

= [zj-i, Zi+i + [zi+2, Zi]] (using (|5.1b|l) 

= [Zi_i,Zi+l] + [Zj-l, [Zi^i,Zi]] 

= [zi-i,Zi+i] + Zi + [zi+i, Zi-i] (using again ()5.1b|)) 

= Zi. 
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thus proving H5.4|) . 
Finally, 



[Zi, Zi+l], [[Zi, Zi+i], [[Zi,Zi+l],Zi+i]\ 

- [zi,Zi+i],[zi,[[[zi,Zi-i-i],Zi+i],Zi+i]] (by (|01)) 
[zi, [zi,Zi+i]], [[[zi,Zi+i],Zi+i],Zi+i] (by (jnHEJ) 
Zi+i + [zi+2, Zi], [zi+i, [zi+i, [zi+i,Zi]]] (by (IS.lbl)) 



-(ad2^^J'^(zi) + Zj+i, [zj+i, [[2;i„i, Zj], [zi, Zi+i] 
-(ad,^^j4(z,) + (ad,,^j2(^^)^ (by ,j23j)) 



thus proving H5.5|) . 



(by dni)) 



D 



Theorem 5.6. There is a Lie algebra isomorphism 'I' : 0gi ^ f such that 



^{Xoi) = 2{z2-[zi,Z2]), 

$(Xo2) = 2(zo-[^2,^o]), 

$(Xo3) = 2(zi-[zo,^l]), 



$(X23) = 2(Z2 + [Z1,Z2]), 
$(X31) = 2(Z0 + [Z2,^0]), 

$(Xi2) = 2(zi + [zo,zi]). 



(5.7) 



Proof. To check that the formulas above define a Lie algebra homomor- 
phism, it is enough to check the relations (|1.2|) . This is straightforward. For 
instance, let us check that [<l)(Xoi), ^(^13)] = 2($(Xoi) + <l>(Xi3)) and that 
[cD(Xoi),[cI>(Xoi),[cI>(Xoi),<l>(X23)]]] =4[cD(Xoi),<I>(X23)]. First, 

2($(Xoi) + <l>(Xi3)) = 2(c^(Xoi) - HX?a)) = -4([zi,Z2] + [z2,^o]), 

while 

[1>(Xoi),$(Xi3)] 

= -4[Z2 - [zi,Z2],ZQ + [2:2, ^;o]] 

= -4([22,zo] + [z2,[^2,^;o]] - [[zi,Z2],[z2,zi]]) (using (|5.1a|)) 
= — 4([z2, zq] + 2:2 + [-215 -22] — -^2) (because of (|5.1b|) and (|5.4|) ') 
= -4([22,2o] + [21,22])- 



Now, 



4[$(Xoi),$(X23)] = 16[z2-[zi,Z2],Zo + [22,2o]] 

= -32[z2,[z2,zi]] = -32(ad,2)2(^^)^ 



16 
-32 



-32('(a4 
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while 

Z2 - [Z1,Z2], [Z2 - [Z1,Z2], [z2 " [zi,Z2],Z2 + [zi, 2:2]]] 
Z2 - [Z1,Z2], [Z2 - [Zl, Z2], [Z2, [z2, Zi] 

- [[Z1,Z2],[Z2AZ2AZ2,ZI]]]] - [z2,[[zi, Z2],[z2,[z2, Zi]]]]^ 

= — 32(ad^2) (zi) (because of (|5.1c() ). 

Hence ()5.7() defines a Lie algebra homomorphism $, which is onto, since 
the generators zq; zi and Z2 of f lie in the image of ^. 

On the other hand, in g = 5^2 ®A.^ Theorem 11.91 shows that, 

[no, [uQ,Ui]] = -[uQ,tU2] = -tt"ui = (1 -t")ui =Ui + [u2,Uq], 

and cyclically. Therefore, the relation (|5.1b|) is satisfied by the Uj's, and so 
are the relations (|5.1a|) and (|5.1cj) because of the Z2xZ2-gradingg = floffifli© 
02 = uqA © uiA © U2A (see (|2.1|) and Theorem l2.2|) . where [g^, £|j+i] = 0i+2 
and [0i,0j] = for any i. 

Hence, there is a surjective homomorphism F : f — ?■ g such that r(zj) = Uj, 
i = 0, 1, 2. But the composition r<l> satisfies 

r$(Xoi +X23) = 2(n2 - [ni,M2]) + 2(n2 + [ui,U2]) = 4^2 = ^(Xqi +X23) 

(see (fO|) and (|L8|) ). and also T^{Xq2 + X-h) = Auq = ^(Xo2 + X31) and 
r$(Xo3 + X12) = 4ui = ^(Xos + X12). Therefore, r$ coincides with ^ 
on a set of generators, and hence T^ coincides with the isomorphism ^ . In 
particular, $ is one-to-one too. D 



Corollary 5.8. The Tetrahedron algebra 0g] is isomorphic to the Lie algebra 
generated by three elements zq, z\ and Z2, subject to the relations 1)5. Ijl . 



6. s'4-action on the universal central extension of the 
Tetrahedron algebra 

In |BTl Definition 3.3], a Lie algebra gg is defined with generators 
{X,, : i, j e {0, 1, 2, 3}, i / i} U {C7p : p G P}, 

where P is the set of partitions of {0, 1, 2, 3} into two disjoint subsets of two 
elements each, subject to the relations 

(i) Cp is central for any p £ P, 

(ii) EpepCp = 0, 

(iii) Xij + Xji = Cij for i ^ j, where Cij = Cp^., and pij consists of {i,j} 
and {0,1,2,3} \{i,j}. 
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(iv) [XijjXji:] = 2(Xij + Xji^) for mutually distinct i,j,k such that 
(i, j, k) is even (that is, the permutation a of {0, 1,2,3} with a{0) = i, 
(t(1) = j and cr(2) = A; is even). 

(v) [Xhi, [Xhi, [Xhi,Xjk]]] = 'i[Xhi,Xjk] for mutually distinct h,i,j, k. 

This Lie algebra gg, is a central extension of g^, and the kernel of the 
natural projection vr : gg ^ g^ (Xij \-^ Xij, Cp i— >• 0) is the two dimensional 
space spanned by {Cp : p € P}. Moreover, if the characteristic of the ground 
field is 0, then gg| is shown to be the universal central extension of g^ jBT| 
Theorem 5.3]. 

The Lie algebra gg presents a natural j44-symmetry, where a (Xij) = 

Xa{i)a{j), for any i / j, and a{Cp) = C^^p) for any p £ P, where a{p) 
is the partition obtained from p by applying the permutation a to its two 
components. 

However, the automorphism group of any perfect Lie algebra embeds 
in the automorphism group of its universal central extension (see |vdK73| 
Proposition 1.3(v)] or |Pian2| Proposition 2.2]). Therefore, the Lie algebra 
ggl should show a symmetry over the whole symmetric group S4. Let us 
show how to modify slightly the above generating set of gg so as to make 
clear this symmetry. 

To do this, consider the new elements 

^ij ~ Xij — 2 «i 
for distinct i,j. These elements satisfy 

by relation (iii) above, and for distinct i, j, k: 

2Xij + 2Xji = 2Yij + 2Yji + Gjj + Cj^ 

= 2Yij + 2Yjk - Cik for even {i,j, k) 

^ 2Xij + 2Xj, + 2Qfc = 2Yij + 2Yjk + C,k for odd (i, j, k) 

(see jBTl Lemma 3.5]). Hence, 

[^a(0)<T(l),^<7(l)a(2)] = 2Va(0)(T(l) + 2ya(l)(T(2) " (-l)'^C'cr(0)<T(2) (6-1) 

for any o" G 5*4 ((—1)°^ denotes the signature of a). 

Therefore, the generating set {Yij : i,j £ {0, 1, 2, 3}, i ^ j}u{Cp : p G P} 
satisfies the relations 

(i') Cp is central for any p € P, 
(ii') Ep^pCp = 0, 
(iii') Y,j + Yji = OioTi^ j, 

(iv') [Ya(0)a{l),Ya{l)ai2)] = '^ya{0)a{l) + ^Ya {1)^(2) " (-l)'^C'<7(0)a(2) for any 

a G S4 
(v') [Yhi, [Yhi, [Yhi, Yjk]]] = 4[Yfej, Yjk] for mutually distinct h, i,j, k. 
Now, the whole ^4 acts on these generators by cr{Yij) = Y^^^^-^^q-^, for i ^ j, 
and cr{Cp) = (— l)'^Co-(p) for any p £ P. The relations (i)'~(v)' above are 
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invariant under this action of 5*4 . Therefore 6*4 embeds in the automorphism 
group Aut(0g). 

Note that for i 7^ j, 

a{Xij) = a{Yij + -dj) = l"CT{j)<7(i) + ^C^COf^a) 



^a(i)a(j) - 2(1 ~ i-'^y)Ca{i)a{j), 



SO that 



a{X,,) 



^a(i)a(j) if cr is even, 

^a{i)a{j) - Ca{i)a{j) if O" is odd. 



^(102+131) = 


T (-'^02 + -'^Sl - 


- ^02), 


^(103+112) = 


T ("'^OS + -^^12 - 


- ^03), 


^(^01 + 5^23) = 


T (-'^Ol + -^^23 - 


- Coi), 



Also, the kernel of the Lie algebra epimorphism vr : gg ^ g^ is spanned by 
{Cp : p G P}, and the Cp's are fixed by the elements of Klein's 4 group. 
Hence, as in (|2.1|1 . 

0a = te (0g)o e (0^)1 e (0^)2, 

where t = spanjCp : p € P}, and the restriction vr|(g. ■). : (0g)j -^ iQm)i 

is an isomorphism for any i = 0,1,2, where (0ki)j = "^~^{Qi). It follows 
easily from here that the involution and the binary multiplication of the 
normal Lie related triple algebra associated to this 54-action on 0g| coincide 
(up to isomorphism) with the ones already considered for 0^ (actually for 
= ^(0^1)). Also, the elements (compare to (|1.8|) 1 

Uq 
Ui 
U2 

project onto the generators ^"^(uq), ^"^(ui) and ^^^(u2) of 0g| (Theorem 
11.91 and Corollary II. 18|) . and hence, since 0g| is perfect, they are generators 
of gg| as a Lie algebra over k. 
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